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Abstract—We study the interaction between an ultrasonic transducer, typical of those presently
used in Nondestructive Testing (NDT) practice, and a test medium, through a viscous couplant.
The transducing clement is a circular piezoelectric cylinder of class C, polarized in the thickness
direction with electroded faces and insulated lateral surface. The electrodes are connected by an
electric circuit, and the transducer is considered to be either sending or receiving, depending on
whether or not a course of specified voltage is included in the circuit. The piezoelectric disc is
mo?eled as a first order linear plate of finite extent. The test medium is idealized to be an elastic
half-space.

We present the steady vibration problem of the transducer/test medium configuration forced
by the voltage source in the transducer circuit and an incident wave in the test medium. This
problem is reduced to coupled integral equations for the torsionless axisymmetric components of
the interface tractions on the piezoclectric disc’s faces. Various approximations of the problem are
also considered which allow us to obtain the transducer output without solving these integral
equations.

1. INTRODUCTION

This paper is concerned with the interaction of an electro-mechanical transducer, either
sending or receiving, with an elastic half-space. It is motivated by a desire to increase the
understanding of the engineering practice of Nondestructive Testing (NDT). In NDT work
a receiving transducer, consisting of a transducing element that is mounted in a
complicated casing and coupled to a test medium surface, receives mechanical wave
disturbances generated either by a sending transducer or an event such as a spontaneous
fracture. The sending transducer may be a device similar to the receiving transducer, except
that a driving voltage source is included in its electric circuit. From the electrical output
of the receiving transducer, i.e. the measured voltage drop across the transducing element
or the current in the circuit, the tester wishes to determine the location, geometry and
orientation of flaws present in the test medium.

The interaction between the transducer unit and the test medium is complex. The
transduction process involves many mechanisms which are not yet well understood, such
as the transducer/test medium coupling, and the transducer unit typical of those
commercially available for NDT applications is composed of various materials and shapes
that often do not lend themselves to a simple analysis,

As described in Sachse and Hsu[l], the usual treatment of the interaction involves a
reduction of the transduction process to a one dimensional linear model by adopting three
simplifying assumptions. The transducer bottom surface is coupled in some manner to a
portion dB of the surface of the test medium. The transducing element has across it a
voltage V(¢) and is connected electrically to a circuit carrying current J(¢) (see Fig. 1). In
(1] the transduction process is represented symbolically as

Vi) T, 1)
10" ux, 1)’ (t.1)

where T(x, t) and u(x, ¢) are the traction and displacement, respectively, on the contact
portion B of the test medium surface. In the usual treatment, the first simplifying
assumption is that the transducer element deformation occurs in a single mode, i.c. the
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Fig. 1. Transducer unit and test medium.

wave modes are uncoupled and only a single scalar component of each of the traction and
displacement are related to the voltage and current. For a compressional mode transducer,
as will be studied in this paper, this assumption reduces eqn (1.1) to

V) Tix1)
10 ux, 1) 2

where the z direction is normal to the test medium surface 8B. The second assumption is
that 8B is small and/or the traction and displacement fields are uniform over 8B, so that
eqn (1.2) reduces to

V) T.()
10~ u). (3

These first two assumptions reduce the transduction process to a one dimensional model.
The third assumption usually made is that the relationships between the scalar quantities
V(t), I(t), T(t) and u(r) are linear so that they are related by a transduction matrix

according to
V)| _ |A B || T
[1(:) ] = [c D] [uz(z)]' (1.4
For purposes of transducer design, one dimensional analyses can be used to express
the transduction matrix in terms of quantities pertaining to the various elements of the
transducer unit and couplant (to characterize existing transducers most often the device
is assumed to be linear and one dimensional and the transduction matrix is obtained
experimentally; see [1]). These analyses fall into two groups, the first of which treats the
transducer as an infinite plate executing a specified motion in a particular thickness mode.
An example of this group is found in Meeker[2}, where it is assumed that the transducing
element is an infinite piezoelectric plate governed by the linear three dimensional theory
(Tiersten[3]), with boundary conditions and material symmetries that allow a specified
thickness mode of vibration. Relations between the boundary tractions and displacements
and transducer voltage and current are explicitly expressed in terms of the piezoelectric
constants. If the plate is attached to a backing or coupled to a structure, however,
impedances must be postulated, which can only be determined experimentally.
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The second group of analyses is based on the equivalent circuit approach, as in
Mason[4]. Here the transducer is assumed to be a finite plate executing a specified one
dimensional motion (no attempt is made to show that this motion can be supported in
the three dimensional continuum as is done in the p‘lr;t/ious group of analyses; it is
understood that the other coupled modes are neglected). The resulting equations involving
face resultant forces and displacements, current and voltage are recognized as being
identical to those resulting from the analysis of an *“equivalent” circuit, in which the scalar
force and displacement components, functions only of time, are treated as voltage and
current, respectively. As more mechanical elements, e.g. backings and couplants, are added
to the transducer, additional impedances are inserted in the equivalent circuit (see
Kossof]5] and Sittig[6]). It is shown by Meeker[2] that the results of the equivalent circuit
approach can be the same as those given by the infinite plate approach.

The above-mentioned one dimensional analyses ignore the effect on the transducer
voltage and current of crystal deformation dependent on the in plane coordinates, called
contour modes. In the first group contour modes cannot exist since the plate is assumed
to be infinite, and in the second group such modes are neglected. In the works of Bugdayci
and Bogy[8], Bogy and Bechtel[9] and Bogy and Mui[10] experimental results for a
piezoelectric disc with traction free edge and specified face tractions show a substantial,
and in some cases dominant, dependence of the voltage across the faces on the radial
modes. When the linear first order plate theory derived in Bugdayci and Bogy[7] is used
to analyze this problem, this dependence is predicted. For the piezoelectric disc coupled
to an elastic half-space, this dependence on the radial modes is also found to be strong,
both experimentally (Bogy and Su(l11]) and analytically (Bechtel{12]).

Hence, in order for a real transducer to respond as a one dimensional device, the
piezoelectric disc must be modified considerably, e.g. by the addition of front plates and
backing materials to effect heavy damping and impedance matching. The resulting typical
commercial transducer unit is then without many of the response characteristics that make
the bare piezoelectric disc undesirable as a transducer for NDT work. However, its design
is much more complicated than the simple crystals originally analysed by Meeker[2] or
Mason[4], and to perform an accurate analysis of it is difficult, as will be evidenced in
Section 2 of this paper.

We consider a transducer unit typical of the backed commercial devices currently
available for NDT applications. Its transducing element is a piczoelectric cylinder which
is an element in an electric circuit. For the case of a sending transducer we include a
specified voltage source in the circuit, rather than merely specifying the voltage difference
between the crystal electrodes. The transducer bottom surface contacts the surface of the
test medium through a viscous couplant.

In the analysis of the transducer/test medium interaction we make only the third of
the three previously listed simplifying assumptions on the transduction process, that it is
linear. The piezoelectric disc is modeled as a first order linear plate of finite extent, so as
to include the effects of the contour modes, using the theory derived in [7] and developed
in [9]. We include the effects of the backing and constraining casing. However, we do not
postulate, for instance, that the backing is impedance matched with the disc, or that the
transducer/test medium assembly is “tuned” so that the crystal motion is entirely or
primarily in a thickness dilatation mode. Results of the analysis would be to identify the
backing material parameters for which an impedance match will occur, and to determine
if the above-mentioned tuning is possible. A particular frequency bandwidth of operation
is not specified a priori, except that the piezoelectric plate theory should be applicable.

In Section 2 the steady vibration problem of the transducer unit excited by a harmonic
voltage source, harmonic forces on the casing outer surface and an incident surface wave
on the test medium is formulated and reduced to a set of integral equations for components
of the interface tractions on the piezoelectric crystal top and bottom surfaces. These
integral equations are not solved in this paper, but in Section 3 we present approximations
to the problem formulations which allow us to obtain parts of the complete solution, ¢.g.
the transducer current and voltage, without solving the integral equations explicitly for the
interface traction components.
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In our analyses we are primarily concerned with the transduction process between the
voltage across the piezoelectric disc (and the current in the transducer circuit) and the
transducer/test medium configuration deformations and tractions. We will focus our
attention to those parts of the problems that involve the transducer voltage and current,
and we will deduce the following important result: For an axisymmetric transducer unit
of the type considered here, the voltage V(1) and current I(r) couple only with the
torsionless axisymmetric parts of the transducer/test medium deformations and tractions.
This is to be contrasted with the first two assumptions of the conventional treatment, i.e.
that (1) ¥(¢) and I(t) couple only with the normal components of the interface tractions
and displacement (for the thickness dilatation mode transducers studied here), and (2)
these components are functions only of time and are independent of position (see eqns (1.2)
and (1.3)).

Section 4 presents a summary and some conclusions.

2. TIME HARMONIC PROBLEM

We consider the steady vibration problem of a transducer, typical of those presently
used in NDT practice, forced by a voltage source in the transducer circuit, tractions on
its casing outer surface, and an incident straight crested surface wave on the test medium
to which it is coupled. All of these forcing functions are assumed here to be harmonic in
time with frequency w. The basic structure of a typical commercial ultrasonic transducer
unit is shown in Fig. 2 (see [13]). The transducing element in the transducer is assumed
to be a piezoelectric circular cylinder of class C,,, polarized in the thickness direction, with
electroded top and bottom surfaces. Its lateral surface is electrically insulated. The bottom
electroded surface is covered by a wear resistant plate, and to the top surface is attached
a backing material, most commonly tungsten powder in epoxy. These elements are
enclosed in a protective metal and plastic casing.

The frontface is mechanically coupled to the test medium surface by a viscous fluid,
as is the usual practice (see [14]). This surface is usually planar in the coupling region. The
top and bottom electroded surfaces of the piezoelectric disc are connected electrically
through a circuit.

When the unit is employed as a receiving transducer, the incident mechanical signal,
travelling through the test medium, is transmitted through the viscous couplant and excites
a voltage across the piezoelectric crystal and a current in the transducer circuit. When used
as a sending transducer, the voltage source in the transducer circuit causes the piezoelectric
crystal to mechanically excite the test structure through the couplant.

The problem described above is very complex, due primarily to the complicated struc-
ture of the transducer unit and the nature of the transducer/test medium coupling. Here we
model this problem so that the formulation is reasonably accurate without being so involved
as to prevent any meaningful progress toward a solution. Hence, we must decide which
features of the transducer/test medium configuration warrant a precise modeling, and which

ﬂ/ ”

-
dmmml- 772 /// [—siezpelectric

eor plote

Fig. 2. Basic structure of an ultrasonic transducer based on a piezoelectric disc (from Bond et

al.[15]).
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may be neglected or modeled in a simple way. A more complete discussion of this modeling
can be found in [12], on which this paper is based.

The piezoelectric crystal and transducer circuit are the same as discussed in Bogy and
Bechtel[9], and they are modeled by the first-order plate theory and circuit equation
developed in Bugdayci and Bogy[7] and [9). It should be emphasized that the transducer
circuit is the electrical circuit in which the piezoelectric disc is an element, and not an
*“equivalent” circuit as discussed in Section 1. The test medium is assumed to be a linear
elastic isotropic homogeneous half-space. The presence of the wear plate on the frontface
and any effects it has on the crystal/elastic half-space coupling are ignored. This coupling
is modeled as in Angel and Bogy[15], i.e. the couplant which bonds the crystal bottom
surface to the elastic half-space surface is assumed to be of negligible thickness and its
inertial effects are ignored; in the contact region the displacements of the crystal bottom
surface and half-space surface in the directional normal to the interface coincide, while the
velocity difference in a direction along the interface is proportional by a factor x to the
traction component in that direction. The part of the half-space surface not coupled to the
crystal is assumed traction free. The gravity body forces in both the crystal and the
half-space equations of motion are neglected.

The insulation is considered as part of the casing, and the casing and backing are
assumed to be symmetric about the axis of the crystal cylinder. We further assume that the
casing is rigid.

It has been shown in Bogy and Su[11] that the backing bonded to the crystal top surface
has the, greatest effect on the response, e.g. altering the front wear plate or crystal lateral
surface mechanical conditions produces less change in the response than changing the
crystal backing conditions. The presence of the backing reduces the radial and thickness
mode ringing that was shown in[8-11] to dominate the response of the unbacked crystal.
This is a result of the damping properties of the backing material and the impedance match
between the crystal and the backing. This impedance match results in a low reflection
coefficient of waves in the crystal that are incident on the crystal/backing interface.
Therefore, in order to accurately model a typical transducer unit, which exhibits little radial
and thickness mode ringing, it is essential for the effect of the backing to be adequately
represented. In [12] we consider two models for the backing, a viscoelastic continuum and
a visco-elastic foundation. In this paper we present the analysis only for the latter.

As in [9] the piezoelectric crystal motion is referred to a cylindrical polar coordinate
system (r, 0, z) with origin at the center of the crystal and e, along the axis of symmetry. The
casing motion is also referred to this coordinate system. The elastic half-space motion is
referred to a primed system (r’, 6°, z") given by (see Fig. 3)

r'=rnl'=-0,z2=-z-% 2.1

where b is half of the crystal thickness.

crystol

elastic
haif-space

zl

Fig. 3. Coordinate system placement.
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According to the first order plate theory of [7,9], we assume the displacement and
potential in the crystal to be of the form

ufr, 0,z, 1) =ur, 0, 1) + ul(r, 0, 1) cos % (1 - %), j=r0,z,

6(,0,2,0)=4g ")+~ (O] +3 B0+, 6,1) sin-’zf(l - g) @2)

where ¢ *(¢) and ¢ ~(1) are the electrical potentials at the top and bottom surfaces,
respectively, of the crystal and B(¢) is half of the voltage drop V(r) across the crystal, i.e.

B(t)=[¢*()—¢~)2=V(1)/2. 2.3)

For the crystal and elastic half-space we define theta averaged functions by

fe, t)=(21!)"r S(r,8,1)de,

Loz, 0n=02n)"" J.ﬂ S, 8,2, 1)de’, 24

respectively.

In [12] it is demonstrated that the transduction process of eqn (1.1) couples the
transducer voltage 2B(¢) and transducer current 7(¢) with only the torsionless axisym-
metric parts of the transducer unit and structure deformations, not with their theta
dependent or axisymmetric torsion parts. The result differs from the common simplifying
assumptions 1 and 2 as discussed in the Introduction (eqns (1.1) and (1.2)), and is due to
the presence of the face electrodes on the piezoelectric crystal and the axisymmetry of our
models for the transducer unit, couplant and test medium. Since we are primarily interested
here in obtaining output 2B8(t) and I(r) of the trandsucer, we consider only the torsionless
axisymmetric part of the problem for conditions of steady vibration.

For a general theta-averaged function f(r, ) defined on the crystal plate we specify the
time dependence by

fr, 1) =Re {f(r)e-}. (2.5)
Likewise, on the elastic half-space we write

Lo, 2, 0)=Re {f'(r',2) e~ 1. (2.6)

For functions of time only, e.g. B(f), we write
ft)=Re{fe "} @7
Let the elastic half-space displacement be composed of incident and scattered parts,
where the incident part is prescribed to be a straight crested surface wave travelling in the
x,” direction, and the scattered part vanishes at points remote from the crystalfelastic

half-space interface. Then, using superscripts (/) and (S) to denote “incident” and
“scattered”’, we have

v =u"+u® lim u¥(x’,1)=0,
x|+

uP(x/, 1) = Re {i#fP(x;") e~ =20} u(x/, 1) =0,

uf(x/, 1) = Re {if(x;") e~ n=0}, 28
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i2(xy") = ugn g (2 ™ =r — (2 — 7)) €™ R, (2.8) contd.

iP(x2") = iugn g [20, =4 — a7 12 — pd) e~ Mr],
o, =(1 - )2 a, = (1 = )7, 52 = o/t
€= 5/, 52 =(1 = )p[2u(1 = v)]~', 8> = p. /11,
where 7,2 is the root of the Rayleigh equation, n®— 87*+ (24 — 16¢2)n% — 16(1 —€?) =0,
that is real, positive and 0 <n?<1; p,, y and v pertain to the elastic half-space, and u,

is a specified scalar amplitude of the incident wave. Using eqns (2.4), (2.6) and (2.8) we
obtain the theta averaged cylindrical components

d(r', 2') = a9, 2) + (' W(wsgr'),
iy(r', 2) = 4P, 2) + @) (2’ Wo(wsgr'), 2.9
and

lim @, &) = lim @, &) = 0. (2.10)

r'--x 2'—>x

The problem formulation will exhibit several functions and physical parameters. The
traction amplitudes on the crystal top surface (z = b), crystal bottom surface (z = — b),
and test medium surface (z° = 0) are denoted as T~(r,0,¢), T*(r,0,¢) and T'(r’, 0, 1),
respectively. The constants p,, c,;, ¢; and e, pertain to the piezoelectric material of the
crystal, as described in [7), the constants L, R and C are the inductance, resistance and
capacitance of the elements in the transducer circuit, the constants m,, c,, k,, m,, ¢, and
k, pertain to the viscoelastic foundation backing model, and u$® and Fy are the
components in the axial direction of the casing displacement and force resuitant due to
the tractions on the casing outer surface. M is the mass of the rigid casing. Before
presenting the problem formulation, we define the following dimensionless quantities.

F=rla=r'la,Z=2'[a,i®=uVa,i® = iV/a, i] = a®/b,

) = 4fb, §O = (n/2b)enlcu) PV, i = iDla,

4 = ua, & = u/a, @§° = u°/b, F = (a/bc,)T,",
1 = (albeu)],”, G = @Wnlcu)T,”, K = Wn*c)i,*,
T,= Tiip, To= T/u, & = 2b/nXpden) "o, B = (en/bcu)' B,
§ = a " X(cutn)™'Pq, I = (2b/a’ncyXp.len)'*], E = (ex/b%cy)'"E,
L= (n%a%cuen/db’p)L, R = (na*ex/2b%)cu/p)' "R,
C=(b/a’)C, é;= cyfcu, &= €jlen, .11
&)= (Cutn)~WPey, & = (1a*[2b2Npce)) =7k, i, = (G [bp Im,,
&, = (na*/2b*Npcu) ~Pc,, K, = (@*/beu)k,, iy = (p.5) " 'm,,

&= 2/n)pcu)” P, k, = (b [r’cu)k,, Ff = (racy) " 'FY,

(r/4p.a’b)M, G = (na[2b), 7,2 = p.culpt, 8, = pfcu,

M

= (GCulpe) s, = (GCulp) sy, Sp = (Gculp.) Psp
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Dropping the tildes, we state the nondimensional torsionless axisymmetric steady
vibration probiem as follows.

Crystal extensional
Equations of motion (0 <r < 1):

@) + 00 u® + acul) = — (1/2)(F + H),
— 8aon ~2c)r ~'(rul®), + Byu") + 0 (w? — cp)u’ = 6(G — K) + 8aon ~?eB, (2.12)

in which #, and ®#, are the differential operators defined by

o 18 k

Transducer charge, current and circuit equation:
H

g = 2ne,u®(1) + nley j ur)r dr — =B,
0

I= -iwg,(—w’L—iwoR+C Yg=E+2B (2.19)
Boundary conditions:

#(0) = (1) = u)(0) = u{)(1) = 0. 2.15)

Crystal flexural
Equations of motion and charge equation (0<r < 1):

@) + o(@? — Du® - 20ul) — (es + €)= F - H,
daon =~ (rul), + Byu®) + 00ul + dan “2e, B¢ ) = — (6/2)(G + K), (2.16)
a(ews + en)r ~'(rul?), + 2ue, Bo(u) — €, B(¢ ™) + 09V = 0.

Boundary conditions:

u(0) = u(1) = u(0) = $X0) = 0,
2ue,u(1) — €, 5%1) =0, 217
@Y 4)u0(1) + xey Y1) = 0.

In [11] it is concluded that, when modeling the typical commercial transducer unit, the
selection of crystal mechanical edge conditions can be made on the basis of convenience
of analysis rather than on the basis of apparent transducer design, since changes in them
had little effect on the backed transducer’s output. The edge condition which results in the
simplest analysis was seen in {12] to be that of smooth edge contact with the casing, i.c.
the crystal lateral boundary is constrained by the smooth, rigid casing surface r =gq,
0<6 <2r, — b <z <b. The boundary conditions, eqns (2.15),, and (2.17),¢ result from
that choice (in [12] the crystal mechanical edge conditions of traction free edge, crystal edge
simply supported by casing and crystal edge clamped to casing are also considered).
Equation (2.17)s is a consequence of the assumption that the crystal lateral surface is
electrically insulated.

Elastic half-space scattered wave
Equations of motion (0<r,z < o):
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2(1~vX1~2v)"'# ) +uD + 0y 0u® + (1 - 2v) " 'ul®, =0,

(2.18)
(I =2v)"'r " (rul®),, + Bo(u!™) + 2(1 = v)(1 = 2v) "4l + oyl = 0.

Boundary conditions:

u(0, z) = u(0, 2) =0, (2.19)

lim (uf®, u$®) = lim (u{®, u®) = 0,
and at z =0:
-7, r<!
) 3 = r
ra o+ Uis { 0 r>1’
- -2"1-2v)T, r<1
vl eu), + (1= v)ul) = { 0 Pt (2.20)

Center conditions, eqns (2.15), 5, (2.17), ; and (2.19),, follow from egns (2.2) and (2.4)
and the requirements that the crystal and the half-space remain simply connected and do
not form a cusp at the origin. The center condition eqn (2.17), follows from eqn (2.4) and
the condition that the divergence of the electric displacement vector is zero at the origin.

Casing rigid body motion

S = (Mw?)~ l[(7:2/2) Jﬂ K(r)r dr — F;], (2.21)
[

with Fy° the specified amplitude of an axial force applied to the casing. Only the u$°¢
component of the casing rigid body motion enters in the B(r) problem.

Crystal|elastic half-space interface conditions (0 <r < 1)
F(r) + ik [ — u®(r) + u(r) + ui>(r, 0)] = wkuoly(wsrr), (2-22)
u®(r) — u(r) + m)otuS(r, 0) = — /Yo il (e, — a5 ") + a5 Wolwsa Y,
F(r)= — /)08, (r), G(r) = (4/z?)5,T(r).

Equation (2.22) is the transducer/test medium coupling model of [15] as described earlier
in this section.

Crystal [backing interface conditions (0 <r < 1)

H(r) = (@’m, + iwc, — k)u(r) + ul(r)),
K(r) = (0’m, + iwc, — kJu®(r) + u®(r) — uf%). (2.23)

Equation (2.23) reflects the viscoelastic foundation backing model considered in [12).
In obtaining the analytical solution to the nondimensional transducer voltage problem,
eqns (2.12)-(2.23), the following scheme is utilized, so as to treat separately the crystal
extensional, crystal flexural and elastic half-space problems for as long as possible. The
crystal extensional deformations, transducer circuit current and transducer voltage are
solved for in terms of the unknown top and bottom surface tractions F, G, H and K, and
the specified voltage of E. The crystal flexural deformations are found in terms of the
unknown tractions F, G, H and K. The solution for the scattered wave field is given in
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terms of the interface tractions T, and T,. (The casing motion is already expressed by eqn
(2.21) in terms of K and the specified resultant force F,°.) Finally, we apply the interface
conditions at the crystal top and bottom surfaces, eqns (2.22) and (2.23), to obtain coupled
integral equations for the interface tractions F, G, H, K, T, and T, in terms of the specified
quantities E, F," and u,.

We use the theory of Bessel functions to obtain the solution (see [8]). Let 4,,
n=20,1,2,..., be the nonnegative roots of

Ji(4) =0, (2.24)

and let #(r)and %(r) be any functions suitably defined on 0 <r < 1, with

FO=F1)=%,0=%,(1)=0. (2.25)
Then
_ (2 PN 77 )
Fr)=2 3;0 F,) T 4(ry=2 "zz‘,o *(4,) T3’ (2.26)
with
F@,)= r F()rJy(Ar) dr = H#\[F;r>4,),
%)= J'l G(rirJo(A,r) dr = H[F; r-4). (2.27)
0
Also
‘#l[al(y)’ "—’l,,] = - j'nz‘¢(j'n)v xl[g.r; r_'}'n] == Ang(in),
— A7) A,
Hlririg={ TR
H[B(G), r A= — A B, K r ¢ F) i r=A) = LF (), (2.28)

207U4) A,>0
2. — n YO\ n
.mpﬁau_{ s L=0

0
#flroi]= {1‘/)2 t:o

In view of eqns (2.15) and (2.25)«2.26) we may write for the extensional problem

IR 17 1 BPUIURR 1 1))
w0 =2 3 800 Joe5 w0 =2 T ) F5, (2.29)

Next we apply Hankel transforms as indicated by J¢, [eqn (2.12),; r—4, > 0] and #, [eqn
(2.12),; r—A,> 0] and, solving the resulting equations, we obtain for 4,>0

@04 = {6, 5AF A + B+ 6,53, )NG (4,) — RGN (4,

30)
iD(3) = {$FANF () + AU+ b5 (MG () — KA E(R),

where
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YEA) = '’ — 0’0 [27(1 + ci') + ocnc i ' + AU(A,),
6,5(4) = (— 0% + 2.} + acp)/2¢1, 0,5(4) = Lacyya /ey,
¢, 5(A) = — daocihuin’cyy, $,5(4) = 0 (@0 /ey — A9,

IA,) = A2 + oc2 — 8Pachim?cnr.

(2.31)

Also, the Hankel transform ¢, [eqn (2.12),; r =4, = 0] and eqn (2.14) are solved to yield
490) = {y,51G(0) — R(0)] + ys°E}/4, B = {BG(0) — R©O)] + B:sE}/4,  (232)
with
4 =d(w?—cy—4aehn ")+ 2w —cx)n !, y.E=d +2n ",

(2.33)
ysE= —dan ey, B, = dney,
Bs=(—w*+cp)n',d= —w?L —iwR + C"".

From eqns (2.29)~(2.33) we obtain for the extensional problem

U A0 208G
0= T [‘_—_‘m B ] (FG)+AGI+ T [——————Jo,( o L ] [C() - RGY,

_ 2o(Ar ) 5(4,) 2y,¢ _
uﬁ"(r)—‘_go [—————-——Jo,( FRVLTN) ][F(A,)+H(A.)]+ y, [G(0) — R(0)]
2Jo(Ar )$,5(4,) _ 2ys°
+A.Z>o[ Joz(Au)'l’E(A") ][G(j‘n) R(An)]"' A E’ (2'34)
B = B:A'[G(0) — K(0)] + BsA™'E, = ~(iwd”")2B + E).

Recall that the primary goal of the steady vibration problem under consideration is
to express the transducer voltage amplitude 2B and the transducer circuit current
amplitude I as functions of the specified incident surface wave amplitude u,, impressed
voltage amplitude E, resultant amplitude F,° of the traction on the casing outer surface,
and frequency of vibration w. In eqn (2.34) we sec that B and / may be expressed
completely in terms of E and [G(0) — £(0)], which is the non-dimensional form of the
“compressional” resultant amplitude, i.e.

- Lﬂ J;z" [Tolr, 8, b) + Tolr, 8, —b)Ir drdd = (m*aPcu/2[GO) ~ K©)). (2.35)

This has been accomplished by considering only the crystal extensional problem. However,
the determination of [G(0) — K(0)] will require consideration of the complete torsionless
axisymmetric problem, i.e. the crystal flexural, elastic balf-space and casing motion
problems and the interface conditions, in addition to the crystal extensional problem.

In a manner similar to that above, we obtain the crystal flexural displacement
components from eqns (2.16) and (2.17).

2J, F 2, 0,4

(A )1 () _
[ T2V ][F(L.) AR ()] + 27,716 (0) + R(0)) (2.36)

F,
+ 2.t Jiown + ko

“z(o)(’) = Z
A>0
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with
7 = — Qo)™
V() = Aey(en + 8a’n ~%el) + Ato{ — oey(1 + cy) + 8a’n ~ el
+ i+ € + (e + €)' — Baln “H(ey, + efs + 2ey663)}
+ 4,70 ey — w¥ey + o + 1+ (e + €)1 + 1 = 8a’n 2} + 0¥ (w* — 03,
6,5 (A,) = wa (e, A2 + 0) — A€, + 8an ~%e) — A%, (2.37)
0,"(4,) = oud,’[¢;, + ereless + €2)] + o%aA,,
¢:"(4) = —daon =2, e, + erler + )] + A0},
¢,/ (2,) = (0/2){ — w¥ (o4 €, + 63 + A%y 0 + L20[cyy + € + (16 + €)] + o’}

The solution to the elastic scattered wave problem, eqns (2.18)(2.20), can be found
in many sources, e.g. [12], and in particular we may express

ur, 0) = _Lw [#0C, NTE) + D¢, NT)de,
(2.38)

ur,0) = j " 129 TE) + 29 O] L,
with
RXE, 1) = ~ 0l lJ(Er)/R(E), ZE(E, 1) = — w5 v, EJy(Er)/R(E),
RO, r) = EH28 - 2vv, — 03T (Er)/R(E),
ZRE, r) = §328% - 2vv, — 0¥, )o(€r)/R(E), (2.39)
R(C) = (262 - OJZSZZ)Z - 4V|V252; V.Z = EZ - wzscz’ Re {va} 20.

At present we have the crystal extensional and flexural, casing, and elastic half-space
solutions in terms of the prescribed amplitudes F;* and E, and the unknown traction
components F(r), H(r), G(r), K(r), T(r) and T,(r). We now use the interface conditions,
eqns (2.22) and (2.23), to obtain integral equations for the unknown traction components
in terms of the known forcings u,, F,° and E.

Applications of the Hankel transforms 5, [eqn (2.22);; r +¢] and i, [eqn (2.22),;
r—&] give

T() = — (n/20'3)F (), T(€) = (x*/45)G (%), (2.40)

Using eqns (2.21), (2.34), (2.36) and (2.38)(2.40), we obtain from eqns (2.22), , and (2.23), ,
the system of integral equations

(A=6%)+ [ T Kfr,p)P0)dp=Adr), O<r<l,i=1234, (241)
0 jml
with
¥,(r) = F(r), ¥s(r) = G(r), ¥s(r) = H(r), ¥(r) = K(r), 242

and
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Ktr) = = ko T G VCop PR, )
+ ('sPvyen [26"75) j " @GP IRENdE,
Kt )= = iox T 5Vt o)
+ (w45 L“’ JEAERPIEE = vy = W SYREN 0

Ki(r, p)= ~ iwxgoln(l.’)-’x(lup Jp R (),

K (r,p)= — iwxlazo},(il.r WelA0)pR2* (Aa),
A (r) = oxd\(wSgruo,

Ka(t,0)= = T Ik P2, (h) |

-8 f JrI(Ge)p 828 — 2vv, ~ )R 46,

Kn(r, p) =2p(— 158 + 9N — 3, Jo(ArWo(Anp )P Z2 ™ (A5) — (RO Pad?s)?v,/26,)
H>0 (2.43)

x j: JoErVo&o)p[EIREN dE,
Katr,p)= = T HAPNGIZ:* G

Ku(r, p)=2p(,514 + 7)) + 1;‘.@Ja(lnr)Js(l.av 1PZ5* (Au):
Afr)= — Qo' ifn)2n 5 ey — a5 ")+ ay Wolwsprug + 2ysEA'E,

Ky (r, p) = d’a.zej (A Wi(Ap)oR, * (4,),

Ku(r, p) = d,l-zo-f VoA )P Ry " (4,),

Ki(r, p) = 4%20-’;(1;)11(3-.&)9& ~(4,),

Ku(r,p)= ~ d,;'zo-’ 1(Aar Wo(2ap )Ry~ (R0),

Ay(r)=0,

Ku(r, p) = d..‘i ZoJo(l.r Wi(Aup)pZ,* (2y),



822 S. E. BecHTeL and D. B. Bocy
Ko(r, p) = 24,0014 + 7,0 + d.,AZ Jo(Aar Wo(Aup) 2, * (4,),
a >0

Kﬂ(ri P)= dn z JO(}”nr )Jl(AnP)le _()'n)s (2'43) Contd.

420
Ku(r, p) =2d,p(— 1,14 + 3 — n’[AMw?) — d.goo/o(l..r)fo(l..p pZ;™ (A,
Adr)= = d 2 A)E ~ d(Mw?)'Fy.
In eqn (2.41) we have used the notation

§n=1 82=0, i=134 (2.44)
and in egn (2.43)

by 2 [eﬁ(x,) 6f(a,)] ey 2 [efa.) 92’(1,.)}
R = o iy Lo | &R = 5 vam T v )
ey 2 [4»15(1,) ¢fa.)] rpy 2 [¢z‘(1.) qw..)]
2 = s | gray T L 2 R = v Ty | ¢
d,= — @'m,— ivc, + k,d, = — w*m,~ iwc, +k,.

Equations (2.41),_, are four coupled integral equations for determining F(r), G(r), H(r)
and K(r) on 0 <r < 1. From the solution of egn (2.41), T,(r) and T,(r) are obtained via
eqns (2.22),,.

If eqns (2.41),_, are solved for F(r), G(r), H(r) and K(r) in terms of u,, E and F°, then
by use of eqn (2.34), we may express the transducer voltage and current amplitudes 28
and 7 in terms of these quantities. Likewise, the axisymmetric torsionless components of
the scattered wave in the elastic half-space, the casing displacements and the crystal
displacements can be expressed in terms of u,, E and F;° by the use of eqns (2.21), (2.34),
(2.36), (2.38) and (2.40). Hence the torsioniess axisymmetric steady vibration solution is
complete once eqns (2.41), are solved.

The system of integral equations, eqn (2.41), can be solved in a manner similar to that
employed in [15]. These equations are also undoubtedly singular, and their algebraic
complexity makes their numerical solutions quite tedious and expensive. Rather than
pursuing their solution we have chosen to consider plausible simplifying assumptions
which allow us to get some of the desired results without solving the integral equations.

3. APPROXIMATIONS ON THE TIME HARMONIC PROBLEM

In this section we present some approximations to the problem formulation of Section
2 in order to simplify the integral equations, eqn (2.41). We give two approximations of
the crystal/test medium interaction. They alter only the crystal/elastic half-space interface
conditions, eqn (2.22), and not the crystal/backing interface conditions, eqn (2.23). Hence,
they alter the system of integral equations, eqn (2.41), only for i = 1, 2, and leave the
equations unchanged for i = 3, 4.

In the complete problem, the presence of the transducer on the test medium surface
causes the scattering of the incident wave in the test medium and nonzero tractions at the
interface between the transducer and test medium. The first approximation neglects the
scattered wave part of the test medium displacement, while the second involves the
postulating of the interface tractions. Both circumvent the difficult modeling of the
transducer/test medium coupling.
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Prescribed displacements on the crystal bottom surface

This approximation simplifies the integral equations, eqns (2.41),,, by removing the
integral terms in the kernels. This allows an explicit representation of the quantities B, /,
u®(r), u®r), u®(r), u®(r) and u$C as functions of u,, F;, E, w and the various material
parameters.

First we assume the scattered wave part of the elastic half-space displacement is zero.
With this assumption, eqns (2.22),, become

u®(r) — ul(r) = iug)\(wssr),

ud(r) — u{dr) = — (2/n)o Piug2n g Moy — a5 ') + a5 Wo(wser), 3.1

and eqgns (2.22);, become
F(r)=0,G(r)=0. 3.2)
The conditions, eqns (3.1) and (3.2), together overspecify the first order plate theory crystal
problem. We must therefore use only one of the following four pairs of crystal bottom
surface conditions: eqns (3.1), ,, eqns (3.2), ,, eqns (3.1), and (3.2),, or eqns (3.1), and (3.2),.
The second choice is clearly inadequate, since with it we would lose the incident surface
wave nature of the problem. The last two, mixed, choices might also be worthy of study,

but we pursue here only the first choice, i.e. we specify the crystal bottom surface
displacements.

We replace eqns (2.22),, with eqn (3.1) and abandon eqns (2.22);,. The integral
equation (2.41),, are then replaced by

'r i KYr, p)¥[0)dp = A%r),0<r <1,i=1,2, 3.3)

0j=1

in which the kernel functions now have no integral terms, and are given by

K. p)= "Z;,OJ 1AW (40 )o R, ™ (A0),
Khrp)= Augofn(ln’)fo(l.P)PRz‘(i.. .
Kixr.p)= ‘”Zw-’n(l.')fn(ﬂ-np )PR,* (4,),
Ki(r,p) = AZW Ji(Ar)o(4up)P Ry * (M)
AX(r) = iued\(wspr), K3(r, p) = — ‘Z‘,OJo(l.f)J:(l..P)PZ: ™ (), (3.4
Ka(r p)= —2p[(nf4) - 7]~ :L:,oJo(l..r Wo(Aup)pZ;™ (4),
Ki(r, p) = — Eo-’o(l.r)lu(l.p)PZ 17 ()

Kiu(r, p) = 2pl(r:"14) + 7] + ‘.Eolo(l.f)fo(lnp pZ,* (4,

Af(r) = — 2/n)o Piug2n g (@, — a7 ") + a5 Wo(wser) + (2v5°/4)E.
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The integral equations, eqns (2.41),,, remain unchanged. The problem for the
determination of the interface traction components F(r), G(r), H(r) and K(r) has now been
reduced to eqns (2.41),, and (3.3), ,, together with eqns (2.42), (2.43),, and (3.4). Only
summation terms occur in the kernels, and with the use of eqn (2.27) the problem can be
written as follows, for 0 <r < 1:

T HANR ™ AIFR) + R~ (MG () + Ry* (A (R,) = Ry* (AR (A)] = itted (w3 r),

ig>0

2[(0,°/4) — 1,16 0) - 2((5/4) + 11K (©0) + luzo-’o(i..f)lzn “(AF () + 2, (4)G (4,)

+Z,* (WA R) — Z* ()R (A,)] = 2/m)o Piugd(wser )20 5 2o — a5

+a; '] — (25¥/4)E,
(3.5)

d7'H(r)+ zzo"“"’)[R' *(AF(4) + Ry (A)G(A) + Ry~ (AR (A) — Ry~ (A)K (4,)) = 0,
d;'K(r) + 2{(r:5/4) + 1,716 (0) — 2[(r,5/4) — 3, + (n*/4M )R (0)
+ 3 JANIZ ADFO) + Za* DG + Z0~GDHM,) = Z~ (A)R(A)]
An>0

= — (2"/4)E — (Mw*)"'Fy.

We define

Fo,p)= J'l Ji(@r)Jy(Br)r dr, $(x, B) = J‘l Jolar)Jo(Br)r dr, (3.6)
0 0

and, since Jy(4,) =0, for 4,,4,,> 0 we have

G2 A=A,

F(hy 1) = $(hy zm)={ il

3.7

We: apply the Hankel transforms o, [eqns (3.5),5; r—4, > 0] and #, [eqns (3.5),,;
r—+A, > 0], and, using eqns (2.28); and (3.7) we obtain for 4,>0

R~ (A)F@R,) + Ry~ (A)G(A) + R* A)A ) = Ry* (AIR(A,) = it/ I F (S, A,

Z," (AFA) + Z,” ()G () + Z,* (A () = Z,* (A)R(3,)
= [diuo [nJ Q)20 5 2o — 07 ) + o5 1S(wsp 4,),  (3.8)
R* QF(A) + Ry* ()G () + {[2/dJ ()] + Ry~ (A} () ~ Ry~ (AR (4,) = 0,

Z,* AF() + Z,* R)G () + Zi~ (AR () + {214, I — Z,~ (A)} R (4,) = 0.
Applying the Hankel transforms 5, [eqns (3.5),4; r—0] and using eqn (2.28),, we obtain
[0:5/4) — 7116 0) — [(1.5/4) + 7, 1R(0) = (2/n )0 Piugl 20 7 (o, — 257")

+ a7 'NJi(wsr)wsr] = (ysEIA)E,

(3.9)
[(0:514) + 7,130 + [d ' ~ (1.°14) + 7, — (R}/4AMIIK(O) = — (35F/4)E — 2Mw?)~'Fy'.

In making the assumption of prescribed crystal bottom surface displacements we have
removed the elastic scattered wave problem from the transducer/test medium interaction
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problem. The resulting problem still couples the crystal extensional and fiexural defor-
mations, transducer voltage and current, and casing motion. From Section 2 we see that
these unknowns are expressed in terms of the interface tractions only through their finite
Hankel transforms F(4,), G(4,), A(4), K(4,), 4,> 0, G(0) and K(0), and to obtain them
we need not solve the coupled integral equations problem, eqns (2.41);, and (3.3),,, for
F(r), G(r), H(r) and K(r), 0 <r < 1. We need only to solve the algebraic system of eqns
(3.8) and (3.9) for F(A,), G(L), A(A), R(A), 4> 0, G(0) and K(0).

We note that this algebraic problem decouples for each 4, > 0. In particular, we solve
eqn (3.9) to obtain

G(O) = {ld:" ~ @.54) + % — (W*/4AM2/n)o Piugl2n 3 e — a57) + ']

X [Ji(wsglwsg] + (ysEA)(m¥4Mw®) — d;' — 2y.X]E - [(y.%14)

+ 1 )2Mw?~'FF}D -, (3.10)
RO = { — [(5/4) + v:"W2/r)o Pig[2n s oy — a5”") + a5 "W (wspwsa]

+ (27,"vE[4)E — ((v,514) — v, 2Mw?) ~'FF}D ~',

with
D =4y,5," 4 ' + [(%.,5/4) — y,Wd," ! — (n¥/4Mw?). (.11

From eqns (2.33), (2.34), (2.37) and (3.10) we obtain the desired transducer output voltage
and current as

B = 2der(4D)~'{d; ' — o ~(n*/4M) + 1]}[2n g (o, — @7 ")
+ a5 'Jo Piv{J (wsp)/wsg] + (n4) " '(— w? + (3.12)
+ daehd(ndD) {d; ' — o ~H(n*/4M) + 21})E + dren(24Mw*)~'Fy,

I= — (iw/d)(2B + E),

where
4 =d(w?— ¢ —daedn ) + Aw? —~cx)n !,
D=[d+2n Y4 '+ Q) Nd; ' - =}4Mw?)] - 2(d + 2r ~ ) 4w?) !, (3.13)

d= —wL —iwR + C~',d,= —w’m,— iwc, +k,.

Hence, in eqns (3.12) and (3.13) we have expressed the transducer voltage and current
amplitudes explicitly in terms of w, E, F), w and the various material parameters.

Equation (3.8) can be solved separately for F(4,), G(4), A(4) and R(4,), for each
A, >0, in terms of %, @ and the material parameters. With these solutions and eqn (3.10),
we can also express the torsionless axisymmetric crystal deformations #®, u{®, 4®, u{" and
casing motion u5%, in terms of u, E, F;*, w and the material parameters, from eqns (2.21),
(2.31), (2.34), (2.36) and (2.37).

Prescribed tractions on the crystal bottom surface

By specifying the torsionless axisymmetric traction components on the crystal bottom
surface we simplify the problem through the elimination of F(r) and G(r) as unknowns,
and hence we halve the number of integral equations to be solved. This approximation
also allows a simple algebraic solution of the steady vibration interaction problem, in the
manner of the previous approximation.

We restrict our attention to transducer/test medium systems in which the transducer
is operating in the receiving mode, i.e. E and F)° are specified to be zero, so that the
crystal/structure interface tractions are entirely due to the incident wave. Recall from eqn
(2.8) that the incident wave is a straight crested surface wave travelling in the x,’ direction.
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We assume the interface traction field is also a straight crested wave travelling in the x,’
direction, with the same speed and wave length as the incident wave. Hence, we assume

Tl(xl’ - b’ X3 t) =Re {Tl(“o) e—iw(l—sxx:)}’ Ts(xn - bs X3y t) = 0’
Tyx,, — b, x5, 1) = Re {Ty(ug) e~ ~*» 20}, (3.14)

where the functions T(y,) and T,(i,) must be specified. From eqn (2.4) we see that, for
O<r<a,

T, (r) = iT\(uo) (@sar), T.™ (r) = Tolue)Jo(wsar). (3.15)
In nondimensional form with tildes deleted we therefore have, for 0 <r <1,

F(r) = iT\(u)J (wsgr), G(r) = Ty(ug)Jo(sgr). (3.16)

Equations (3.16),,2 replace eqns (2.22),—4 and also eqns (2.41),,. The interface traction
components H(r) and K(r) are still unknown and may be determined from the remaining
integral equations, eqns (2.41),,, with F(r) and G(r) specified by eqn (3.16).

In a manner similar to that used for the previous approximation, we may transform
these integral equations and can then solve algebraically for A(4,), K(4,), 4, > 0, and K(0).
This allows an explicit representation of B, I, u®, u®, u®, 4" and u$C in terms of T,(w),
Ty(4), @ and the various material parameters (see [12]). In particular, we obtain for the
transducer output voltage

B =dnepd ' Tyu)(1 + [Quwd) ' —@d+2n D4 -Yd+2n"N4"'—d;! (3.17)
+(2w2)"[1 + (1r2/2M)]}"')[Jl(wsn)/wsk],

with

4= d(wz - (3 — 4&(’%277-l) + 2((1)2 - C:z)‘ﬂ'_l,

= —wlL —iwR+C™ ', d,= — w’m,— iwc, +k,. (3.18)

And, since F(r) and G(r) are specified, we may also give the scattered wave displacement
in the test medium.

Transducer output for incident surface wave only

For the case of an incident surface wave with amplitude u, and in the absence of the
forcing terms E and F,, the approximations studied in this section lead to transducer
output voltage formulas of similar form. Equation (3.12), obtained from the prescribed
displacement assumption, can be written as

B(w) = flw)ueJ (w58), (3.19)

whereas eqn (3.17), obtained from the prescribed traction assumption, aiso has the form

B(w) = f{w)upt (wsg), (3:20)

provided we assume T3(1) is proportional to u,.

The functions f{w) and f;(w) are rational functions of w, which also depend on several
physical parameters. Some of these parameters, such as the viscoelastic foundation
parameters m,, c, and k,, are not known for a given transducer, and they would have to
be determined by appropriate experiments before eqns (3.19) or (3.20) can be numerically
evaluated.

As expected B(w) in eqns (3.19) and (3.20) depends linearly on u,. In addition, these
expressions predict the same frequencies at which B(w) vanishes. These null frequencies
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for B(w) would be expected on the basis of the commonly observed phenomenon often
referred to as “phase cancellation™. Equations (3.19) and (3.20) predict

B(w,) =0, (3.21)
where
Jwsg=0,n=1,2,... (3.22)
or, from eqn (2.24),
W,Sg = Ay 4y > 0. (3.23)

Taking into account the nondimensionalization, eqn (2.11), the null frequencies in
dimensional form are

W, = A/sga, 4,> 0. (3.24)
In terms of the incident Rayleigh wavelength A, this result becomes
AP =2nalA,n=12,... (3.25)
Since 4, ~3.831, 4, ~ 7.016, etc. it follows that
AP ~ 1.640a, AR = 0.8956a, . . . (3.26)

Therefore the first null in B occurs at an incident wavelength somewhat less than 2a.

4. SUMMARY AND CONCLUSIONS

In this paper we have analyzed the transducer/test medium configuration of a
piezoelectric transducer, typical of those commercially available, coupled viscously
through its bottom surface to the test medium surface. The transducer was considered in
both its sending and receiving modes of operation (for the sending transducer we did not
specify the voltage across the piezoelectric crystal electrodes, but rather the voltage of a
source in the electric circuit connecting the electrodes).

An important result from [12] is the demonstration that the voltage across the
transducer crystal and current in the transducer circuit couple only with the torsionless
axisymmetric parts of the transducer/test medium configuration’s deformation and
tractions. This is a result of the axisymmetric nature of our models for the transducer, test
medium and couplant, as well as the presence of the face electrodes. Hence, the receiving
transducer will only detect the torsionless axisymmetric component of its incident forcing,
and the sending transducer will generate a torsionless axisymmetric signal in the test
medium. Mathematically, this result leads to a significant simplification of the analysis as
a general nonaxisymmetric problem is reduced to a torsionless axisymmetric one.

The steady vibration problem considered in this paper has the transducer forced by an
incident surface wave in the test medium, a voltage source in the transducer circuit and
tractions acting on the transducer casing. We reduced this problem to a set of coupled
integral equations. In Section 3 we made assumptions on the nature of the transducer
bottom surface/test medium surface interaction and were able to obtain the transducer
voltage and current in terms of the forcing amplitudes, material parameters, and frequency
of vibration, without solving the integral equations (a future task is to more carefully study
the dependence of B and I on these quantities). In fact, for the assumptions of prescribed
tractions on the transducer bottom surface we showed that the problem can be entirely
solved (i.e. we may obtain the transducer voltage and current, and the torsionless
axisymmetric parts of the transducer and test medium deformations in terms of the forcing
amplitudes, material parameters, and frequency) algebraically, without solving any
integral equations.
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The conditions of phase cancellation in a circular transducer for straight crested
incident surface waves was obtained for both approximations and is given by eqn (3.26).

In future work this condition will be compared with experiments and the more general
results in eqns (3.12) and (3.17) will be computed for various assumptions on the
parameters. These results will also be compared with experiments.
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